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SYMPLECTIC CUTTING OF KA¨HLER MANIFOLDS
MAXIM BRAVERMAN
Abstract. We obtain estimates on the character of the cohomology of an S1-equivariant
holomorphic vector bundle over a Ka¨hler manifold M in terms of the cohomology of the
Lerman symplectic cuts and the symplectic reduction of M . In particular, we prove and
extend inequalities conjectured by Wu and Zhang [12].
The proof is based on constructing a flat family of complex spaces Mt (t ∈ C) such
that Mt is isomorphic to M for t 6= 0, while M0 is a singular reducible complex space,
whose irreducible components are the Lerman symplectic cuts.
1. Introduction
Let M be a smooth Ka¨hler manifold of complex dimension n endowed with a holomor-
phic Hamiltonian action of the circle group S1. Let µ : M → R denote the moment map
for this action. Assume that 0 is a regular value of µ and that S1 acts freely on µ−1(0).
Using a construction of E. Lerman, [7], one can ”cut” M into two smooth Ka¨hler man-
ifolds M+ and M− endowed with a holomorphic circle action. The symplectic reduction
Mred = µ
−1(0)/S1 of M is embedded into M± as a connected component of the fixed
point set.
Let E be an equivariant holomorphic vector bundle over M . Then E induces a holo-
morphic vector bundle Ered over Mred and equivariant holomorphic bundles E± over M±.
In this paper we show that there are Morse-type inequalities which estimate the character
of the S1-action on the cohomology H∗(M,O(E)) of the sheaf of holomorphic sections
of E in terms of the cohomology H∗(M±,O(E±)), H
∗(Mred,O(Ered)) of the sheaves of
holomorphic sections of the bundles E± and Ered respectively. These inequalities were
conjectured by Wu and Zhang [12] for the case when E is a pre-quantum line bundle.
As a consequence, we obtain a new geometric proof of the ”gluing formula” for the
index of E ([3, 9], see (2.2)) for the case when the manifold M is Ka¨hler.
Our proof is based on the following geometric construction which, we believe, is inter-
esting by itself. We consider the union Mcut of M± along Mred. Thus Mcut is a singular
reducible complex space, whose smooth irreducible components M± intersect by the sym-
plectic reduction Mred. We show that Mcut may be considered as a deformation of M .
This research was partially supported by grant No. 96-00210/1 from the United States-Israel Binational
Science Foundation (BSF), Jerusalem, Israel.
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More precisely, we construct a family Mt of complex spaces parameterized by a complex
parameter t, such that Mt is complex isomorphic to M for any t 6= 0 while M0 is com-
plex isomorphic to Mcut. It turns out that Mt is a flat family of complex spaces. That
implies that the dimension (and also the character) of the cohomology of Mt is an upper
semi-continuous function of t. In particular, the character of H∗(Mcut,O(Ecut)) is greater
than the character of H∗(M,O(E)) (a partial order on the ring of characters is introduced
in Definition 2.6). Moreover, there are Morse-type inequalities (cf. Theorem 2.7) which
estimate the character of H∗(M,O(E)) in terms of the character of H∗(Mcut,O(Ecut)).
The cohomology H∗(Mcut,O(Ecut)) of the space Mcut can be, in turn, calculated by
means of a Mayer-Vietoris-type long exact sequence via the cohomology of M± and Mred
(cf. Section 2.9). That leads to estimates for the cohomology of M in terms of the
cohomology of M± and Mred.
The paper is organized as follows. In Section 2, we formulate our main results. In
Section 3, we present our geometric construction of the family of complex spaces and
prove some important properties of this family. Finally, in Section 4, we present the proof
of Theorem 2.7.
Acknowledgments. I would like to thank I. Zakharevich for very useful and inspiring
discussions. It was I. Zakharevich who suggested to consider the union of the Lerman
symplectic cuts M± as a singular complex space.
I would like to thank the University of Warwick, where this work was completed, for
hospitality.
2. Main results
In this section we formulate the main results of the paper. All these results are conse-
quences of Theorem 2.7, which will be proved in Section 4.
2.1. Weights and formal characters. Irreducible representation of the circle group
S1 = {eiθ : θ ∈ R} are classified by integer weights (here we use the identification of the
Lie algebra of S1 with R which takes the negative primitive lattice element, −2πi ∈ iR =
Lie(S1), to 1). A representation of weight k ∈ Z is isomorphic to the complex line C on
which the element eiθ ∈ S1 acts by multiplications by e−ikθ.
If W is a finite dimensional representation of S1 we denote by multk(W ) the multi-
plicity of the weight k ∈ Z in W .
The formal character of W is the formal sum
char(W ) =
∑
k∈Z
multk(W )e
−ikθ.
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It lies in the ring L = Z[eiθ, e−iθ] of Laurent polynomials in eiθ with integer coefficients.
This ring is called the ring of formal characters of the circle group.
2.2. Momentum map and symplectic reduction. Let V denote the vector field on
M that generates the S1-action and let ω denote the Ka¨hler form on M . We will assume
that S1-action is Hamiltonian, i.e. there is a moment map µ : M → R such that ιV ω = dµ.
Note ([4]) that it is always the case if the fixed-point set of S1 on M is non-empty.
Assume that 0 ∈ R is a regular value of the moment map µ. Then µ−1(0) ⊂ M is
a smooth submanifold endowed with a locally free action of S1. We will assume that
this action is free. Then the quotient space Mred = µ
−1(0)/S1 is a smooth symplectic
manifold called the symplectic reduction of M at level 0. The symplectic form ωred on
Mred is defined by the condition that its lift on µ
−1(0) coincides with the restriction of ω
on µ−1(0).
Recall now that our manifold M is Ka¨hler and that the Ka¨hler structure on M is
preserved by the circle action. In this case, the S1 action can be canonically extended to
a holomorphic action of the group of nonzero complex numbers C∗ (cf. [6, Lemma 3.3]).
The set
Ms =
{
z · x : z ∈ C∗, x ∈ µ−1(0) ⊂M
}
,
called the set of stable points for the C∗ action, is an open submanifold ofM , [6, Lemma 4.5],
and the C∗ action on Ms is free. Obviously, the quotient of Ms by this action is diffeo-
morphic to the reduced space:
Mred ∼= Ms/C
∗. (2.1)
The equation (2.1), defines a canonical complex structure on Mred. This structure is, in
fact, Ka¨hler, and the corresponding Ka¨hler form coincides with the form ωred defined
above.
Let now E be a holomorphic vector bundle over M which is equivariant for the S1
action. Then the C∗ action on M can be also lifted on E. There is a unique holomorphic
vector bundle Ered over Mred such that its pullback under the projection Ms →Mred is
isomorphic to the restriction of E on Ms.
2.3. Symplecting cuttings. We now recall the Lerman symplectic cutting construction,
[7]. Let C± denote the complex one-dimensional representations of the circle group of
weights ±1 respectively. We endow both C+ and C− with the standard Ka¨hler form ω =
i
2
dz ∧ dz. The diagonal actions of S1 on M ×C± are Hamiltonian and the corresponding
moment maps are µ ∓ 1
2
|z|2. One checks easily that 0 is a regular value for each one
of these moment maps. Let us denote by M± the symplectic quotients of M × C± at
level 0. The action of S1 on the first factor of M × C± reduces to a Hamiltonian action
on M±. Thus, (M±, ω±) are smooth symplectic manifolds with Hamiltonian S
1-actions.
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The reduced space Mred is embedded into M± as one of the connected components (still
denoted by Mred) of the fixed points set; the compliments M±\Mred are S
1-equivariantly
symplectomorphic to µ−1(R±) ⊂ M , respectively. We refer to M± as symplectic cuts of
M .
The pull-back of the bundle E under the natural projection M × C± → M is an
equivariant vector bundle over M × C±. Hence (cf. Section 2.2), it induces holomorphic
vector bundles E± over M±. One of the most important facts about the cohomology of
the symplectic cuts is the gluing formula (cf. [3, 9])
n∑
p=0
(−1)p charHp(M,O(E)) =
n∑
p=0
(−1)p charHp(M+,O(E+))
+
n∑
p=0
(−1)p charHp(M−,O(E−)) −
n−1∑
p=0
(−1)p dimCH
p(Mred,O(Ered)). (2.2)
Remark 2.4. Though the individual cohomology Hp(M,O(E)) has sense only for complex
manifold M , the alternating sums which appear in (2.2) may be defined in the case when
M is an almost complex manifold. The formula (2.2) remains true for this more general
case [3, 9] (see also [2] were the gluing formula is obtained in a still more general situation).
Let us return to the situation when M is Ka¨hler. The aim of this paper is to strengthen
the gluing formula (2.2) in order to obtain an information about individual cohomology
Hp(M,O(E)) of M in terms of the cohomology of M± and Mred.
2.5. Symplectig cutting as a singular space. Both manifolds M± contain the sym-
plectic reduction Mred as a submanifold. Consider the union
Mcut = M+ ∪Mred M−
along Mred. Then Mcut is a singular reducible complex space whose irreducible compo-
nents are M± and whose only singularities are the ”double points” in Mred. Let Ecut
denote the vector bundle over Mcut whose restriction onto M± is equal to E±. The
advantage of considering the singular space Mcut rather then two disconnected mani-
folds M± is that Mcut may be considered as a deformation of M (cf. Section 3). This
implies (cf. Theorem 2.7) estimates on charH∗(M,O(E)) in terms of the character
charH∗(Mcut,O(Ecut)) of the cohomology of the sheaf of holomorphic sections of Ecut.
The cohomology H∗(Mcut,O(Ecut)) my be, in turn, calculated in terms of the cohomol-
ogy of the sheaves E± and Ered (cf. Section 2.9 bellow). That gives an estimate on
charH∗(M,O(E)) in terms of the spaces M±,Mred.
To formulate the result we need the following
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Definition 2.6. Let q(θ) =
∑
k∈Z qke
−ikθ ∈ L be a formal character of S1, we say
q(θ) ≥ 0 if qk ≥ 0 for all k ∈ Z. For two characters p, q ∈ L, we say that p ≥ q if
p− q ≥ 0.
Let Q(θ, t) =
∑n
m=0 qm(θ)t
m ∈ L[t] be a polynomial of degree n with coefficients in L,
we say Q(θ, t) ≥ 0 if qm(θ) ≥ 0 for all m.
Our first result is the following Morse-type inequalities between the cohomology of M
and Mcut.
Theorem 2.7. There exists a polynomial Q(θ, t) ∈ L[t], such that Q ≥ 0 and
n∑
p=0
tp charHp(Mcut,O(Ecut)) =
n∑
p=0
tp charHp(M,O(E)) + (1 + t)Q(θ, t). (2.3)
Theorem 2.7 is proven in Section 4.
Remark 2.8. 1. The Morse-type inequalities (2.3) imply
charHp(Mcut,O(Ecut)) ≥ charH
p(M,O(E)) for any p = 0, . . . , n.
2. Substituting t = −1 into (2.3) we obtain the following index formula
n∑
p=0
(−1)p charHp(M,O(E)) =
n∑
p=0
(−1)p charHp(Mcut,O(Ecut)). (2.4)
2.9. Cohomology of Mcut. To calculate the cohomology of Mcut with coefficients in
O(Ecut) consider the equivariant short exact sequence of sheaves
0→ O(Ecut)
α
−−−→ O(E+)⊕O(E−)
β
−−−→ O(Mred) → 0,
Here the map α sends the section s of O(Ecut) to the pair (s|M+, s|M−) and the map β
sends the pair of sections (s+, s−) ∈ O(E+)⊕O(E−) to the section s+|Mred − s−|Mred ∈
O(Mred).
By standard arguments, the above short sequence leads to an equivariant long exact
sequence in cohomology
· · · → Hp(Mcut,O(Ecut))→ H
p(M+,O(E+))⊕H
p(M−,O(E−))
→ Hp(Mred,O(Ered))→ H
p+1(Mcut,O(Ecut))→ · · · (2.5)
We think about Mcut as being glued from M± along Mred. So we refer to (2.5) as Mayer-
Vietoris-type sequence.
Remark 2.10. Wu and Zhang [12, Remark 4.10] conjectured that, if E is a pre-quantum
line bundle, then (for a proper choice of the moment map) the cohomology Hp(M,O(E))
may be calculated by a Mayer-Vietoris-type exact sequence of type (2.5). In our terms,
that would mean that, in this case, Hp(M,O(E)) is isomorphic to Hp(Mcut,O(Ecut)).
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The long exact sequence (2.5) leads to the following Morse-type inequalities
n∑
p=0
tp charHp(M+,O(E+))
+
n∑
p=0
tp charHp(M−,O(E−)) +
n−1∑
p=0
tp+1 dimHp(Mred,O(Ered))
=
n∑
p=0
tp charHp(Mcut,O(Ecut)) + (1 + t)Q(θ, t) (2.6)
for some Q(θ, t) ≥ 0. Combining with Theorem 2.7 we obtain the following estimate on
H∗(M,O(E)) in terms of the cohomology of M± and Mred
Theorem 2.11. There exists a polynomial Q′(θ, t) ∈ L[t], such that Q ≥ 0 and
n∑
p=0
tp charHp(M+,O(E+)) +
n∑
p=0
tp charHp(M−,O(E−))
+
n−1∑
p=0
tp+1 dimHp(Mred,O(Ered)) =
n∑
p=0
tp charHp(M,O(E)) + (1 + t)Q′(θ, t) (2.7)
In the case when E is a pre-quantum line bundle Theorem 2.11 was conjectured by Wu
and Zhang [12, Remark 4.10].
Remark 2.12. 1. The inequalities (2.6) a far from being exact. Hence, Theorem 2.7
together with the Mayer-Vietoris sequence (2.5) give much more information about the
cohomology H∗(M,O(E)) than Theorem 2.11.
2. The simplest consequence of Theorem 2.11 is the inequalities
charH0(M+,O(E+)) + charH
0(M−,O(E−)) ≥ charH
0(M,O(E));
charHp(M+,O(E+)) + charH
p(M−,O(E−)) + dimH
p−1(Mred,O(Ered))
≥ charHp(M,O(E)), for any p = 1, . . . , n.
(2.8)
3. Substituting t = −1 into (2.7) and using (2.4), we get the gluing formula (2.2).
So we obtain a new proof of the gluing formula for Ka¨hler manifolds, which is based on
the geometric construction described in Section 3. Note that the standard proof of the
gluing formula, [3, 9, 2], uses the Atiyah-Segal-Singer equivariant index theorem. Dietmar
Salamon pointed out that the gluing formula for general symplectic manifold can also be
proved using our geometric construction by a method similar to [8, Appendix A].
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Remark 2.13. In the situation considered in this paper many other Morse-type inequal-
ities may be obtained (cf. [12, 10, 1]). It would be very interesting to compare those
inequalities.
2.14. Example. We finish this section with a very simple but typical example illustrating
Theorem 2.11.
Let M = CP 1. We identify M with the 2-dimensional sphere S2 ⊂ R3 and we let S1
act on M by rotations around the z-axis. This action has two fixed points P and Q (the
poles of the sphere). We normalize the Ka¨hler structure on M and the moment map µ
so that µ(P ) = 1, µ(Q) = −1. Then the image of µ is the interval [−1, 1] and all the
internal points of this interval are regular values of µ.
Let E be an equivariant line bundle over M . Then S1 acts on the fibers of this bundle
over the fixed points P and Q. Denote by rQ, rP the weights of these actions. It is well
known that E is defined up to an equivariant isomorphism by these weights. In particular
(cf., for example, [11, p. 330]) the character of the representation of S1 on the cohomology
Hp(M,O(E)) is given by 1
charH0(M,O(E)) =
{∑rP
m=rQ
e−imθ, if rQ ≤ rP ;
0, if rQ > rP ;
charH1(M,O(E)) =
{
0, if rQ ≤ rP ;∑rQ−1
m=rP−1
e−imθ, if rQ > rP .
(2.9)
These formulas allow us to calculate the right hand side of (2.7). Let us calculate the left
hand side of (2.7).
Since, Mred is a point, dimH
0(Mred,O(Ered)) = 1 and dimH
1(Mred,O(Ered)) = 0.
Both manifolds M+ and M− are isomorphic to CP
1. The weight of the fiber of the
bundle E+ over P is still equal to rP while the weight of the fiber over Mred is equal to
zero. Similarly, the weight of the fiber of the bundle E− over Q is equal to rQ while the
weight of the fiber over Mred is equal to zero.
Using (2.9), one can now verify Theorem 2.11 in this simple case. For example, if
rQ = rP = r > 0 (this corresponds to the trivial bundle E = M × C with a nontrivial
circle action), then the left hand side of (2.7) is equal to
r∑
m=0
e−imθ + t
r−1∑
m=0
e−imθ
1Note that our signs in the definition of weights and characters (cf. Section 2.1) are different from [11]
but agree with [12, 2, 1].
8 MAXIM BRAVERMAN
while
n∑
p=0
tp charHp(M,O(E)) = e−irθ.
It follows that in this case the polynomial Q′ of Theorem 2.11 does not depend on t and
equals to
∑r−1
m=0 e
−imθ.
Note also, that the inequalities (2.7), (2.8) become equalities if and only if rQ ≤ 0 and
rP ≥ 0. This verifies the conjecture of Wu and Zhang [12] (cf. Remark 2.10) in the case
M = CP 1.
3. The geometric construction
In this section we present a geometric construction of a complex manifolds Φ and
a holomorphic map p : Φ → C such that p−1(t) is isomorphic to M for t 6= 0 while
p−1(0) =Mcut.
3.1. The idea of the construction is the same as in Section 2.3. In fact, we just combine
the constructions of M+ and M− together and consider the diagonal action of S
1 on
M × C+ × C−. The moment map for this action is given by
µ˜(x, z+, z−) = µ(x) −
1
2
|z+|
2 +
1
2
|z−|
2, x ∈M, z± ∈ C±.
Zero is a regular value of µ˜ and we define Φ = µ˜−1(0)/S1 to be the symplectic reduction
of M × C+ × C− at zero level.
Clearly, the map p˜ : M × C+ × C− → C defined by the formula
p˜ : (x, z+, z−) 7→ z+z−, x ∈M, z± ∈ C±.
is S1 invariant and, hence, descends to a map p : Φ→ C. We think about Φ as family of
complex manifolds Mt = p
−1(t) parameterized by a complex parameter t ∈ C.
We endow Φ with an S1-action induced by the action of the circle on the first factor
of M × C+ × C−. Note that this action preserves the fibers Mt = p
−1(t) of p. Thus
Mt (t ∈ C) are also endowed with a holomorphic circle action.
As in Section 2.3 the bundle E induces a bundle E˜ over Φ. We denote the restriction
of E˜ on Mt by Et.
The following lemmas describe the fibers of the projection p.
Lemma 3.2. For any t 6= 0, the fiber Mt = p
−1(t) is a smooth manifold which is equiv-
ariantly symplectomorphic to M .
Proof. Fix a nonzero number t ∈ C. For any x ∈M set
r(x) =
√
µ(x) +
√
µ(x)2 + |t|2
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and define an embedding
it : M → µ˜
−1(0) ∩ p˜−1(t) ⊂M × C+ × C−, it : x 7→
(
x, r(x),
t
r(x)
)
. (3.1)
Clearly, the composition q ◦ it of the above embedding with the natural projection q :
µ˜−1(0)→ Φ is an equivariant diffeomorphism M → Mt = p
−1(t). Since the map it : M →
M × C+ × C− is symplectic, so is the composition q ◦ it.
Lemma 3.3. For any t 6= 0, the fiber Mt = p
−1(t) is a smooth Ka¨hler manifold which
is equivariantly complex isomorphic to M . In other words, there exists an equivariant
biholomorphic map φt : M →Mt.
The pullback φ∗tEt of the bundle Et = E˜|Mt is equivariantly isomorphic to E.
Remark 3.4. The manifolds M and Mt are not isomorphic as Ka¨hler manifolds. In par-
ticular, the map φt of Lemma 3.3 is different from the symplectomorphism of Lemma 3.2.
Proof. Recall from Section 2.2 that the action of the circle group onM extends canonically
to a holomorphic action of C∗ and consider the diagonal action of C∗ on M × C+ × C−
(here z ∈ C∗ acts on the second factor by multiplication by z and on the third factor by
multiplication by 1/z).
Let U ⊂M ×C+ × C− denote the set of stable points for this action (cf. Section 2.2).
Then p˜−1(t) ⊂ U for any t 6= 0. Indeed, if v ∈ p˜−1(t) and if the absolute value of the
number z ∈ C∗ is large enough, then µ˜(z · v) < 0, while µ˜(1
z
· v) > 0. Hence, one can find
z′ ∈ C∗ such that z′ ∈ µ˜−1(0).
Fix t 6= 0 and consider the complex map
jt : M →M × C+ × C−, jt : x 7→
(
x, 1, t
)
.
Clearly, the image of jt belongs to p˜
−1(t) and, by the previous paragraph, it belongs also
to the set U of stable points for C∗ action. Hence, the composition of jt with the quotient
map q : U → U/C∗ defines an equivariant holomorphic map φt : M → Mt. Clearly, φt
is injective. We claim that φt is an isomorphism. By Lemma 3.2, it suffice to show that
the image of jt contains the image of the map (3.1). But this follows from the obvious
inclusion 1
r
· (x, r, t
r
) ∈ Im(jt). The first statement of the lemma is proven.
Consider the commutative diagram
M × C+ × C− ←֓ U ∩ p˜
−1(t)
pi
y ր yq
M
φt
−−−→ Mt
(3.2)
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By definition of the bundle Et we have q
∗Et = π
∗E|U∩p˜−1(t). Hence, using φt = q ◦ jt and
π ◦ jt = id, we obtain
φ∗tEt = j
∗
t q
∗Et = φ
∗
tπ
∗E = E.
Lemma 3.5. The fiber p−1(0) is equivariantly complex isomorphic to the space Mcut. If
we identify p−1(0) with Mcut using this isomorphism then the restriction E0 of E˜ to p
−1(0)
is isomorphic to Ecut.
Proof. The lemma is an obvious consequence of the equality
p˜−1(0) = (M × C+ × {0}) ∪ (M × {0} × C−).
For us the most important is the following consequence of the above lemmas
Corollary 3.6. The cohomology H∗(Mt,O(Et)) of the sheaf of holomorphic sections of
the bundle Et is equivariantly isomorphic to H
∗(M,O(E)) if t 6= 0 and is equivariantly
isomorphic to H∗(Mcut,O(Ecut)) if t = 0.
4. Flat morphisms. Proof of Theorem 2.7
We are in a position now to prove Theorem 2.7. The proof is based on the properties
of flat morphisms in complex analysis.
4.1. Flat morphisms. First, we recall some basic facts about flat morphisms. For the
details we refer the reader to [5, Sections II.2,III.4].
If X is a complex space and x ∈ X we denote by O(X) the sheaf of holomorphic
functions on X and by Ox(X) the ring of germs of holomorphic functions at x. Let
f : X → Y be a holomorphic map of complex spaces. For any y ∈ Y , we denote by
Xy = f
−1(y) the fiber of f over y.
A holomorphic map f : X → Y is called flat at a point x ∈ X if Ox(X) is a flat
module over Of(x)(Y ). Here Ox(X) is considered as Of(x)(Y )-module via the canonical
map f ∗ : Of(x)(Y )→ Ox(X). The map f is called flat if it is flat at any point x ∈ X .
Let f : X → Y be a morphism of complex spaces and suppose V is a holomorphic
vector bundle over X . For any y ∈ Y , let Vy = V |Xy denote the restriction of V on
the fiber Xy and let O(Vy) denote the locally free sheaf of holomorphic sections of Vy.
If f is a flat morphism, then, for any y ∈ Y and for any pint η ∈ Y closed to y, there
exists a polynomial Q(t) with nonnegative integer coefficients, such that∑
p
tp dimHp(Xy,O(Vy)) =
∑
p
tp dimHp(Xη,O(Vη)) + (1 + t)Q(t). (4.1)
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The equation (4.1) implies, in particular, that the function y 7→ dimHp(Xy,O(Vy)) is
upper semi-continuous, while the holomorphic index of the fibers
ind(Vy) =
∑
p
(−1)p dimHp(Xy,O(Vy))
is locally constant on Y .
Suppose that in the situation described above a compact Lie group G acts holomor-
phically on X and Y and that this action commutes with f . If the vector bundle E
is equivariant with respect to this action then G acts on the cohomology of the fibers.
Let charHp(Xy,O(Vy)), y ∈ Y denote the character of this action. Then, for any point
η ∈ Y closed enough to y, there exists a polynomial Q(t, θ) ∈ L[t] (cf. Definition 2.6)
such that Q ≥ 0 and∑
p
tp charHp(Xy,O(Vy)) =
∑
p
tp charHp(Xη,O(Vη)) + (1 + t)Q(t, θ). (4.2)
4.2. Proof of Theorem 2.7. It follows now from (4.2) and Corollary 3.6, that in order
to prove Theorem 2.7 it suffices to show that the projection p : Φ → C is flat. But, by
a theorem of Kaup and Kerner, [5, Ch. II, Theorem 2.13], any open holomorphic map of
smooth complex manifolds is flat. Since, p is open the theorem is proven. 
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